
Upside Risks and Models of Crude Oil Market

Gurdip Bakshi, Xiaohui Gao, Yuan Hu



Motivation

▶ Why oil
▶ Oil price and volatility are strong economic state indicators

▶ Historical recessions were associated with energy price surges
▶ Oil prices went negative in 2020

▶ Why options
▶ Options provide a hedge against price and volatility risks

▶ This paper studies
▶ Economic implications of oil from option risk premiums
▶ Empirical consistent option pricing models with a comprehensive

consideration of risks featured in the energy market
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What do we do
▶ Show asymmetric aversion to oil risk from option risk premiums

▶ Empirical evidence from new data across energy sectors
▶ monthly options on crude oil, natural gas, and heating oil
▶ weekly options on crude oil

▶ Consistent patterns from estimated model-based option risk
premiums

▶ Provide a comprehensive framework to price commodities and
options written on commodities
▶ Model is featured by four risks: spanned, unspanned, jump, and

idiosyncratic risks
▶ Each risk corresponds to one empirical properties of commodities

prices
▶ The model is estimable by Kalman filtering

▶ New ingredients provided in the paper
▶ New data to identify oil option risk premiums
▶ New model for oil option risk premiums
▶ New estimation strategies
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Key findings

▶ Empirically, we show the aversion to large upside risks on oil
returns, which is not reflected on the downside

▶ Analytically, we provide solutions for oil price volatility, options
prices and option risk premiums
▶ Each term exhibits state-dependence on idiosyncratic volatility

▶ The estimated model fits risk-neutral return volatility, option
prices, VIX and upside option risk premiums from data
▶ Both non-idiosyncratic and idiosyncratic volatility are relevant
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Data fact 1: aversion to return upside in crude oil

▶ Weekly options

▶ Hedge on upside: negative premiums
▶ Hedge on downside: insignificant

▶ Hedge conditioning on high oil market uncertainty: significant negative
on both sides
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Data fact 1: aversion to return upside in crude oil
▶ Monthly options

▶ Hedge on upside: negative premiums
▶ Hedge on downside: insignificant
▶ Hedge conditioning on high oil market uncertainty: significant negative

on both sides
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Data fact 1: more evidence
▶ Same patterns in option returns across the energy sector

▶ Monthly options on natural gas
▶ Monthly options on heating oil
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Data fact 2: idiosyncratic risk evidenced by oil VIX
▶ Average VIXoil

t (VIXS&P500
t ) is 36.9% (19.2%)

▶ Significant amount of idiosyncratic volatility implied by a single
index asset pricing model (e.g., CAPM)

▶ Imperfect correlation of 0.62 (0.34 in changes)

▶ Idiosyncratic risk is likely needed to fit (1) level and (2)
time-variations of VIX in oil market
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Comparison of model properties across published papers
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Comparison with Trolle and Schwartz (2009)

▶ Trolle and Schwartz (2009) provides a commodity modeling
framework, featured by unspanned risks
▶ A stochastic volatility HJM-type commodity model
▶ Focus on option prices and level of volatilities

▶ Incremental contribution of this paper
▶ Idiosyncratic terms shapes volatility, option prices, and their risk

premiums
▶ Jump risks with weekly option data
▶ Estimation of option risk premiums (this paper extends to

modeling under the physical measure)

10 / 26



Model setup: the pricing kernel

▶ dMt
Mt− =−rt dt + ℧[Vt ] dzPt︸︷︷︸

spanned risks

+ Π[Vt ] duP
t︸︷︷︸

unspanned risks

+ {(eJt −1)dNP
t︸ ︷︷ ︸

jump risks

− λ
P
J EP

t (e
Jt −1)dt︸ ︷︷ ︸

compensator

},

▶ ℧[Vt ] = −χ∗v
√

Vt and Π[Vt ] =−χ∗u
√

Vt ,

▶ dNP
t︸︷︷︸

Poisson jump

=

{
1 with probability λPJ dt
0 with probability 1−λPJ dt,

where Jt ∼ Normal(µPJ ,{σ
P
J }

2)︸ ︷︷ ︸
oil jump size distribution

▶ dzPt : spanned risks
▶ duP

t : unspanned risks considering model market incompleteness
▶ Evolution of Vt is driven by both spanned and unspanned risks
▶ dNP

t : Jump risks ( a Poisson random variable) with intensity λP
J and size

Jt
▶ Idiosyncratic risks are not in the pricing kernel
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Model setup: spot oil prices

dSt

St−
= ( yt︸︷︷︸

cost of carry

− 1
dt

covPt (
dMt

Mt−
,

dSt

St−
))dt +

√
Vt dz

P
t +

√
It dε

P
t +{(eJt −1)dNP

t − λ
P
J EP

t (e
Jt −1)dt}

▶ Cost of carry captures the combined effect of interest rates, storage
cost, and the convenience yield

▶ dzPt : spanned risks
▶ dNP

t : Jump risks ( a Poisson random variable) with intensity λP
J and size

Jt

▶ dεPt : idiosyncratic risks
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More on model features

▶ It (Vt ), the idiosyncratic (non-idiosyncratic) diffusive variance,
follows a stochastic volatility model

dVt = (θPv −κ
P
v Vt )dt + σv ρv

√
Vt dzPt︸︷︷︸

spanned risks

+ σv

√
1−ρ2

v
√

Vt duP
t ,︸ ︷︷ ︸

unspanned risks

and

dIt = (θPI −κ
P
I It )dt + σI

√
It dε

P
t .

▶ Compensation for diffusive risks

dzPt = dzQt + ℧[Vt ]dt, duP
t = duQ

t + Π[Vt ]dt and dε
P
t = dε

Q
t .

▶ Compensation for jump risks

λ
Q
J = λ

P
J + {λ

rp
J }2︸ ︷︷ ︸

jump intensity

,µQJ = µPJ × exp(µrp
J )︸ ︷︷ ︸

(absolute) mean jump size

,{σ
Q
J }2 = {σ

P
J }

2 × exp(σ
rp
J )︸ ︷︷ ︸

variance of jump size

▶ Cost of carry specification
yt︸︷︷︸

cost of carry

= δ
◦
y + δ

∗
I × It + δ

∗
v ×Vt

13 / 26



Analytical results

▶ Futures price is exponential affine in Vt and It

▶ F
TF
t
St

= exp
(
afut[τ] + bfut[τ]×Vt + cfut[τ]× It

)
, with τ ≡ TF − t.

▶ Risk-neutral futures return variance is linear in Vt and It

▶ log(1 + EQ
t ({

F
TF
t+∆

F
TF
t

−1}2) = avol[∆] + bvol[∆]×Vt + cvol[∆]× It

▶ Expected integrated variance of futures returns under P is linear
in Vt and It
▶ Futures return variance under P : rvfutures,P

{t→t+∆} = a
fut
rv [∆] + b

fut
rv [∆]×Vt + c

fut
rv [∆]× It

▶ Spot return variance under P : rvspot,P
{t→t+∆} = a

spot
rv [∆] + b

spot
rv [∆]×Vt + c

spot
rv [∆]× It

▶ Variance spreads exhibit a zero exposure to It
▶ VSPREAD{t→t+∆} = avspread[∆] + bvspread[∆]×Vt

▶ Five measurement equations in Kalman filtering
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Estimation
▶ Formulate model solutions in state-space form

▶ Yt is constructed using data on options, futures, and spot price

▶ VSPREAD helps identify parameters governing non-idiosyncratic
volatility

▶ Maximum-likelihood estimation via Kalman filtering

▶ VIX and option prices are left for cross-validating model
performance
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Analytical results (for cross-validation)

▶ {VIXoil
t } has an idiosyncratic variance component

▶ {VIXoil
t }2 = avix[∆] + bvix[∆]×Vt + cvix[∆]× It

▶ Option prices and option risk premiums are solved in
semi-analytic forms using Fourier inversion
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Estimation results
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Extracted idiosyncratic and non-idiosyncratic variance
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Summary picture of model fit and actual values
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Pricing error cross-validated by option prices
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Information contents in option pricing errors
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Pricing error cross-validated by VIX

▶ Absolute pricing error (RMSE) is 1.3 (1.7)
▶ log(actualt) = α+β log(modelt)+ ẽt

▶ α =−0.04(0.00)
▶ β = 0.98(0.00)
▶ R2 = 98%

22 / 26



Model-implied option risk premiums
▶ Risk Premiumcall

{t→t+∆} = Rrf
{t→t+∆}(

EP
t (max(ex −ek ,0))

EQ
t (max(ex −ek ,0))

− 1)

▶ x≡ log(
F

TF
t+∆

F
TF
t−

) and k = log( K

F
TF
t

)

▶ Within the range of bootstrapped average option returns

▶ The model is consistent with aversion to upside risk

▶ Idiosyncratic volatility affects option risk premiums by entering P
and Q characteristic function (exponential affine in Vt and It )

▶ Put and call options on S&P 500 cannot have both negative risk
premiums (e.g., Coval and Shumway (2001))
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The role of idiosyncratic risks
▶ Spanning augmented with changes in idiosyncratic variance

improve goodness-of-fit

▶ Incorporated in option risk premiums with positive effects
▶ The non-idiosyncratic volatility is incorporated in option risk

premiums with negative effects
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Evidence on unspanned volatility risks and jumps

▶ ρv =−0.677: around half of the non-idiosyncratic volatility is
unspanned

▶ λP
J = 0.859: the expected number of jumps in oil prices per year

is 10

▶ µPJ = 8%: expected annualized jump size

▶ Contribution of jumps to spot return volatility
λP

J ({µPJ }2+{σP
J }2)

λP
J ({µPJ }2+{σP

J }2)+Vt+It
= 7.1%
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Conclusion

▶ A new model for oil price featuring (1) idiosyncratic, (2) jumps, (3)
unspanned, (4) spanned risks
▶ Model estimation supports relevance of risk components
▶ Model is aligned with data

▶ Model fits oil VIX, option prices, and option risk premiums, while
individual option prices are not used in estimation

▶ A general modeling framework for commodity derivatives
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